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vXjIfMQ^lXZIKM#hIKqlv_t )]2Up#^FvKVYXZhjeKpXZa^Fv­>XZIfM9VYM
L¡qFsKV

ab``­IKq0>M^>vf`U¡qFp#M?V^lDtWM?FhjM#MqCX\`M?qFVYX\{ q ]-M?p#qFeKVZMQ^>vf`U^FvKMqFhjpadV\VYM#X ^FhM?q>puIVZadtWM=r
K^FhDXjIfMoVjql¬FM^Fp#`qFhZabXmUFF hZ^>Lvf^

^Fv

M

ab``feKVZMXZIKM

^>hjt
 	
qlv_t
W 

Xj^
hjM M#hXj^
M?tfFM?V
qFvKt>M#hZXZadpM9Vo^FiXZIfM+L¡qls_V
F

G
qlvKt
Gi
qlvKt©¬FM#M?sXjIfM

^>hjtM9tWFM9VqFvKt|FM#hZXZadpM9Vo^>vf`U ^FhQXZIfM
M9tWFM9VqlvKt$FM?hYXjap#M?VG^l
T
qlvKt$^lXZIKM
VYef]fXZhjaqFvfFef`dqCXjab^>vKV?
øø Âyzx{||
9 V# #@  #i  	= # #%x
 	
U
B + \SﬃDY3HK1'4,.0/UZ .2/ 1$`UD;1$34,HV/^078FﬂHI1'4ﬂ.0/
VDM§Wsf`dqlavfM9tav[XZIfMsKhZM?2a^Fe_VDVYM9pXZa^Fv[XjIfM\qlaL^F_XjIfaV

^>hZ¬
adVXj^¢sfhZM9VYM?v2XDq¢p#^FL+sKq>pXDhZM?sfhjM?VZM#v2Xjql£
Xjab^>v
XjIKqCXDql``b^

VﬃXZIKMGe_VYM?hﬃXj^Qq>p#pM9VZVqlv_t
vKq0)a>qCXjMM#¡p#abM?v2XZ`U¢abv[q\XjhZadqlvf>ef`dqCXZa^FvGm ^FhXZIfadVsfefhjs-^>VZM

MtfM?Vjphjab]-MoIfM?hZMXZIKMQVZMXG^lﬃsfhjaL[abXZaFM^Fs-M#huqCXjab^>vKViXjIKqCXqlhjMVZefsfs-^FhZXZM9t])U+^FefhGhZM?sfhjM?VZM#v2XjqlXZa^Fv¡av
O(1)
XZaL+MF
• Triangle(v)
mhjMXZeKhZvKVqXjhZadqlvf>`bMavKpadtWM?v>XXj^+FM#hZXZM#§
v  
• Index(4, v)
mihZM#XZefhjvKV¦XZIKM¢abvKtfM§$^F>M#hZXZM§
v
abvXjhZadqlvf>`bM
4  
• Neighbor(4, v)
mhZM#XZefhjvKVGXjIfMXZhjaqFvfF`M¢qFt0kYq>pM?v>XXj^
4
^Fsfs-^>VZabXZMQXZ^+FM?hYXjM§
v
^l
4  
• V ertex(4, i)
mDhZM#XZefhjvKVGXZIKM¢FM#hZXZM#§^l
4
^lavKtWM§
i

B +  3'D 4ﬂ.27UZ\JUHK1$HTZ
1$378PW1'73'DGZ\H /8JQHVFﬂ^.3541'`UR ZN7UZ[DGJ


¯
 
¯
l#? F	
¯
	 ﬃ MXieKVDp#^FvKVZatfM#hiqQ]fabXY£ÊFM?pXZ^>h
v = b1 . . . bp
p^>vKVZaVYXZavf^l
p
]faXuViqlv_t
I_q02avf

M#aFI2XuqôXZIKMQv)efL]_M?h¦^F}=r
q
D|M

^Fef`dt¡`ab¬>M\XZ^[s-M#hZ ^FhjL ^>v
v
XZIfM ^F``^

abvf^Fs-M#huqCXZa^Fv_Vm
• Rank1(i)
q hjM?VZs­
Rank0(i)
r¦hZM#XZefhjvKVGXjIfM¢v)efL]-M#h^F¦} q hjM?VZs­Dnr¦XjIKqCXsfhjM?p#M?tWM
bi  
• Select1(k)
q hjM?VZs­
Select0(k)
r¦hZM#XZefhjvKV¦XZIfM¢s-^>VZabXZa^Fv^lXZIfM
k
£5XZI¤} q hjM?VZs­DnrGav
v

M¡vfM#M9t¤qVYXZhjeKpXZefhjM¡ql]f`M[XZ^qlv_V

M#hQXZIKM?VZM+c2efM?hZaM?Vav¥p^>vKVmXuqlv2XQXZaL[M>HIfadVsfhj^F]f`M#L

qFV
q>tftWhjM?VjVYM9tFM?hZULeKpuI|abvtWMXuqla`avXjIfM[`babXZM?hjqlXZefhjMqFvKtp^>L+sKqFpXQVZ^F`eWXZa^FvKVIKq0>M
]_M?M#v|sfhZ^>s_^2VYM9t
q3VYM?M_:}0~o<ÊV:}o9b<ÊV: yb<DqFvKthjMmQXZIKM#hjM#av5r \^

M#>M#hQVYavKpM[VYs_qFpMaVQvf^FXQp#hZabXZadp#qF`qlXXjIfMs-^Fav2X

IKM#hjM

M[vfM#M9t©qhuqlvK¬lVYM?`bM9pXVmXjhZeKpXZefhjMF

M[p#^Fv2XZM?v2XQ^>efhjVZM#`FM9V

abXZIq$VZabL+sf`M[abL+sf`M#L+M#v2XuqCXZa^Fv|eKVZabvf
O(p lg p)
]fabXjV

IfadpuI

M¢tWM9VZp#hZa]-MQavN)M?pXZa^FvzK


¯)¯
W0 
³

	 HIfMtWM?p#^FL+s-^>VZaXjab^>v^lXjIfMavfabXZadql`GXZhjaqFvfFeK`qlXZa^Fv

M

ab``eKVZMaV[]Kq>VYM9t
^>v|qsKqlhZXZabXZa^Fvfavfsfhj^)p#M?tWeKhZM ^Fh^FhutWM#hjM?tXjhZM?M?VtWM9VZp#hZa]_M9tavX:Ö~=<ÊHIfM[L¡qlav©hjM?VZef`X

MvfM?M?t©aV
M#§WsfhZM9VZVZM?t])U¡XZIfM ^>`b`^

avf+`bM?L[L¡qm
¦¯
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M 
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O(n)
&     &Xﬂﬁ
B
 5_" "!&x
Bi 
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3M ≥ ‖Bi‖ ≥ M
g
' ()+*
!$­-,
 "­ 
ﬁ 
""¥/.Tﬃ#
$ !$"¢

o`b`s-^>VjVZab]f`MXZhjaqFvfFeK`qlXZa^FvKV[IKq0)avf
i
XZhjaqFvfF`M?V
i ≤ 1
4
lg m
qFhZMFM?vfM#huqCXjM?tﬂqlvKtﬂXZIKM#ah¡M§Wsf`ap#aX
hjM#sKhZM9VYM?v>XuqCXjab^>vKVqlhjM
VmXj^FhjM?t$abvq[Xuql]f`M
A
HIfadVXjqF]f`M¢aVVY^>hYXjM?t$]2U$abv_phjM?qFVZavf¡VYaip#M¢^FXjIfM¢XjhZadqlvW£
>ef`dqCXZa^Fv_V#­VZ^XZIKqlX¢XZIfM+]fabXVYaip#M+^FqFv|avKtWM#§©aVsKhZ^>s_^>hYXjab^>vKql`XZ^XjIfMVYaip#M+^FXZIKMp^FhjhjM?VZs_^>vKtWavf
XjhZadqlvKFef`dqCXjab^>v­>ÙvXjIfMhjM?VYXo^FDXZIfadVVYM9pXZa^Fv

MtfM?Vjphjab]-M
XjIfM^>hZ2qlvfaip?qlXZa^Fv^lDXjIfM[VYXZhjeKpXZefhjM_qVZM#M
qF`VZ^aFefhjM}orqlv_t

Mqlv_ql`U)VZM¢XjIfM[VYXZ^>hjqFFM>oHIfM+p^Fv_VmXjhZeKpXZa^Fv^FiXZIfM+VYXZhjeKpXjefhZMabvVYef]f£5`abvKM?qlh
XjabL+M¢adVFaFM?v$av \sfs-M#vKtfa§ f}l
 +,* 0 DGZ!P34ﬂSU1$4,.0/ .0] 1'`Dh3'DYS83'DGZ[DG/21$HK1'4,.0/
• A
adVq[Xjql]K`bM^lDVZa%p?M 1
4
lg m
fav

IfadpuIXjIfM
i
XZIM#`M#L+M#v2XadV\q[s_^>abv2XZM?hXZ^Hql]f`M
Ai

Î ÷ø­ÎôÌ
 
	ﬀﬂﬁﬃ! "$#%&'
~
A
Ai
all size i triangulations
explicit
representation
1
2
3
4
aFeKhZM+}
m N2XZ^>hjqFFMQ^lql`` XZav)U¡XZhjaqFvfFeK`qlXZa^FvKV
• Ai
adV[qXjqF]f`bMp^>v2Xjqlavfavf©qF`b`s-^>VjVYa]f`MXZhjadqlvf>ef`qlXZa^FvKVIKq0)abvK©M§fq>pXZ`U
i
XZhjaqFvfF`M?V?¤HIfM
j
XjI
M?`bM?L+M#v2XaV\q[s-^Fav2XZM#hXj^qlvM§Wsf`ap#aX\hjM#sKhZM9VYM?v>XuqCXjab^>v
Aexpliciti,j
^lXZIfMXjhZadqlvKFef`dqCXjab^>v
Ai,j

• Aexpliciti,j
p#^Fv2XjqFabvKVGX

^[«KM#`dtfVom
R
Aexpliciti,j .vertices
aV
XZIfMXjqF]f`bM^lXZIfM$FM?hYXjap#M?V¢^F
Ai,j
 q>puI¥FM#hZXZM#§kmeKVYXp#^Fv2XjqFabvKV
XZIfM
avKtWM#§ª^FqlvµavKpadtWM?v>XXZhjaqFvfF`Mav HqF]f`bM
Aexpliciti,j .triangles
 fGUªp#^Fv)FM?v2XZa^Fv­GXZIKM©]-^FefvKtKqlhjU
>M#hZXZadpM9V¦qFhZM«KhuVmXabvXZIKqlXXjql]K`bM>fqlvKt$VmXj^FhjM?tavXjIfM¢p^>efv2XZM#hZ£Ùp`^)pu¬

adVYMo^FhutWM#hG^lXZIfMQ]_^>efvKtfqFhZU¡^F
Ai,j
f^>ho]-^Fefv_tfqlhjU$>M#hZXZadpM9V#_XZIfMabv_padtWM#v2XQXZhjaqFvfF`MVYXZ^FhjM?tadVhZM9c>eKabhjM?tXj^]-MXjIfM^>vfMavKpadtWM?v>X
Xj^+vfM§)X\M?tfFM^Fv$XZIfM¢]-^FeKvKtfqlhjUF
R
Aexpliciti,j .triangles
aVXjIfMXjql]K`bM^loXZIfMXZhjadqlvf>`bM9V^F
Ai,j
 q>puIXjhZadqlvf>`bMp^>v>XuqlavKVXZIfM
avKtWadpM9V­^F)abXjVﬃFM?hYXjap#M?Vav
Aexpliciti,j .vertices
qlvKt^FWaXuV­vfM?ab>I2]-^FhuV av
Aexpliciti,j .triangles
­HhZadqlvf>`bM9V
^>vXjIfM¢]-^FefvKtKqlhjUIKq0FM
"$# #
vfM?ab>I)]_^>hjV?
 +&B  1$.3'H ^D HV/HVF  Z!4,Z
¦¯
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Ai
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&	x# # ﬂ
O(m0.55)
 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• A
adVq[Xjql]K`bM^lDVZa%p?M 1
4
lg m
^ls_^>abv2XZM?hjV^FVZaip#M
lg m
qlvKt$XjI2e_Vp^>VYXjV
O(lg2 m)

•
p?p^FhutWavf[XZ^+XjIfM¢M#v)efL+M#huqCXjab^>v$hjM?VZef`bXjV^F osfs-M#vKtWab§klW
Ai
aVq[Xuql]f`M¢^l
22.175i ≤ 22.175
1
4
lg m
s-^Fav2XZM?hjV^>v
lg m
]fabXjV?WXZI)eKVXZIfM
VYXZ^>hjqFFMo^F
Ai
hjM?c2efahZM9V¦`M?VjVGXZI_qlv
O(22.175
1
4
lg m lg m)
]faXuV#
•
HIfM¢M#§Wsf`badpabXhZM?sfhjM?VZM#v2XjqlXZa^Fv
Aexpliciti,j
m
R
Aexpliciti,j .vertices
qlvKt
Aexpliciti,j .triangles
qlhjMiX

^\Xuql]f`M?V^l-VYaip#MG`bM9VZVﬃXZI_qlv
i ≤ lg m
 q>puI
M?`bM?L+M#v2Xp^>vKVZaVYXjVabvVZM#>M#huql`iavKtWadpM9V
^l\CqF`befM`bM9VZV
XZIKqFv
i
XjIKqCX+qlhjM¡hZM?sfhZM9VYM?v2Xjql]K`bM

abXZI
lg lg m
]KaXuV#
HI)eKV\XZIfM

If^F`MVZa%p?M
^lD^>vfM
Aexpliciti,j
aV
O(lg m lg lg m)
]faXuVqFvKtXZIKM
XZ^FXjqF`VZa%p?M
^lqF`b`
Aexpliciti,j
q>VZVZ^WpadqCXjM?t¡Xj^
Ai
adV`bM9VZVXZIKqFv
O(22.175
1
4
lg m lg m lg lg m)
]fabXjV?
øø Âyzx{||
 V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# #@  #i 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avKql``bUXZIfM+Xj^lXjqF`iVYaip#M[ ^>hXZIfM¡VYXZ^Fhuql>M^FGqF`b`Xjabv)UXjhZadqlvf>ef`dqCXZa^Fv_VadV^F]fXjqlavfM9t©])U©VZefL+L+abvf
^C>M#hGXZIKMtfaedM#hjM#v2X\Cql`efM?V^F
i
DHIfadVU)abM?`tKV
O(22.175
1
4
lg m lg2 m lg lg m) = O(m0.55)

 
  ¡"	 
u
	,
	¢
ﬃqCXjM#h\^>v­

M

a`b`vfM#M9tXZ^L¡qFhZ¬VY^>L+M¢FM#hZXZadpM9V^FvXjIfM]-^FeKvKtfqlhjU^Fq[XZav)U$XjhZadqlvKFef`dqCXjab^>v­Kqlv_t

M

a``tW^XZIfadV

aXjIXjIfMIfM?`bs|^lq]faXFM9pXj^Fh9H^]-M[qF]f`bMXZ^qlvKV

M?hr\qFvf¬ lN)M?`bM9pXc2efM?hZaM?Vav
p#^FvKVYXjqFv2XXZaL+M^>v¡XZIKM?VZM]fabXFM?pXZ^>hjV?

Me_VYMQqlvM#§)I_qleKVYXZaFMM#vKp#^)tfabvf^lqF`b`-]fabXY£ÊFM9pXZ^>hjV^lVZaip#M
p
qFvKt

M?ab>I2X
q
av+q¢Hql]K`bM
B
 >Ùv[XZIfMhjM?VYXi^l-XZIKaViVZM?pXZa^Fv

MGsKhZ^C)adtWMGXZIfM\tWM9VZp#hZasWXjab^>v+qFvKt[qlvKqF`bUWVZaV
^FﬃXjIfM
VmXjhZe_pXZeKhZM>V>ÊXjVp^>vKVYXZhjeKpXjab^>v$avVYef]f£5`abvKM?qlhGXjabL+M¢adVFaFM?vavNWM?pXjab^>v fº)
U+,* 0 DGZ!P34ﬂSU1$4,.0/ .0] 1'`Dh3'DYS83'DGZ[DG/21$HK1'4,.0/
• B
aVGq¢]fab£ÙtWabL+M?vKVYa^Fv_ql`_qFhZhuq0U
^FﬃVYaip#M 1
4
lg m× 1
4
lg m
mM?q>puI¡M#v2XZhjU
B(p, q)
adVGq¢s_^>abv2XjM#h¦XZ^Hql]f`M
Bpq

• Bpq
aVq©Xuql]f`M©p#^Fv2XjqFabvfavf ^Fh+XjIfM
k
XjI ]faXZ£5>M?pXZ^Fh¡^FVZaip#M
p
qlvKt

M#aFI2X
q
q¤s_^>abv2XZM?h+XZ^q
VYXZhjeKpXZefhjM
BRSpqk
qF`b`^

abvK[r\qFvf¬ lN)M?`bM9pXavp#^FvKVYXjqFv2X¦XjabL+MF
• BRSpqk
adVoq¡Xjql]K`bM
^Fi`bM?vflXjI
p 
abXZIX

^¡«KM#`dtfVVmXj^Fhjabvf+XjIfMsKhZM9p^FL+sfefXZM?thjM?VZef`bX\ ^Fh
Rank1
qlv_t
Select1
m
R
BRSpqk(i).rank
aVGXjIfM¢v)efL]-M#h^F })XjIKqCX\sKhZM9pM?tfMXjIfM
i
£3XjI$]KaX9
R
BRSpqk(i).select
aVGXjIfM¢s_^2VYabXZa^Fv^FﬃXZIKM
i
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• B
adVqXuql]f`M¢^l
( 1
4
lg m)2
s_^>abv2XjM#huV^lDVYaip#M
lg m
WabXjVoVYaip#MadV
O(lg3 m)
]KaXuV#
• Bpq
adV\qXjqF]f`M
p^Fv2XuqlavfabvK
(
p
q
)
s_^>abv2XjM#huV^lVZaip#M
O(lg m)

• BRSpqk(i).rank

BRSpqk(i).select
qlhjM$qF`b`Gav>XjM#>M#huV`M?VjV
XjIKqlv 1
4
lg m
qlv_t¤XZIfM?vhjM#sfhjM?VZM#v2Xuql]f`M^Fv
lg lg m
]fabXjV?HIfM¢VZa%p?MQ^F
BRSpqk
adV
O(lg m lg lg m)

HIfMXj^lXuql`KqFL[^>efv2XD^l VYsKq>pMhjM?c2efahZM9t
 ^>hVmXj^FhjabvKQqF`b`WXjIfM]fabXY£ÊFM9pXZ^>hjV^F-VZa%p?M qqFvKt

M?ab>I>Xr`bM9VZV
XjIKqlv 1
4
lg m
adVGXZIfM?v
∑
p,q
(
p
q
)
O(lg m lg lg m) =
(∑
p 2
q
)
O(lg m lg lg m)


IfadpuI$adV]-^FefvKtfM?t$]2U
2
1
4
lg m+1O(lg m lg lg m) = O(m
1
4 lg m lg lg m))
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av>Xj^VZL+qF`b`KXZhjaqFvfFeK`qlXZa^FvKV

IKapuIqFhZMXjIfM#L¡VZM#`FM9ViVYsK`babX¦av2XZ^¢Xjabv)U
XjhZadqlvKFef`dqCXjab^>vKV# >Ùv¤XZIfadVVZM?pXZa^Fv

MtWM?Vjphjab]-M¡XjIfML¡qls
G
XZI_qCXVYXZ^>hZM9VXjIfMavKpadtWM?vKpM9V
]-MX

M#M#v
Xjabv)U©XZhjaqFvfFef`dqCXjab^>vKV?HIfML+M#L+^>hZU ^>h¢XZIKaVL+qFs¤aV^Fhj>qlvKa%p?M?t])U|>qCXjIfM#hjavfvf^WtWM?V¢^F
G
XjIKqCX
p#^FhjhZM9VYs-^Fv_t©Xj^Xjabv)UXZhjaqFvfFeK`qlXZa^FvKV
XZIKqlX[qlhjMsKqFhYX[^lXjIfM$VjqlL+M$VZL¡ql``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VZef]fL¡qFs
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HIfM[sfefhjs_^2VYM^lDXjIfaVQsKqFhYXjaXjab^>vaVXj^$ql``^

 ^>hoXjIfM[eKVYM^li`^Wp#ql`s-^Fav>XjM#huVo^FVYL¡qF`b`
VZaip#M
 ^>hhjM M?hZM?vKpM9V\avKVZatWM+q>ab>M#v©VZef]fL¡qFs
Gi
¢HIfML¡qls
G
L+q0UIKq0>MLeK`Xjabsf`M+qlhup#V\^>h`^)^FsKV
]KeWXqF`b`abXjVoqFpM9VoI_q0FMtWM?FhjM#M
≥ 3
  qFpuI|qlhup¢^l
G
]_M#X

M?M#v
T T j
qlv_t
T T j′
p^>hZhjM?VZs-^FvKtfVXZ^$q
VZadtWM¢VYIKqFhZM9t])U
T T j
qFvKt
T T j′

¨`abvKM?qlhXjabL+M
p#^FvKVYXZhjeKpXjab^>v$^F
G
aVotWM?Vjphjab]-M?t$avNWM?pXjab^>v K {f
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HIKML[M?L+^FhjUtWM9tWap?qCXjM?tXZ^
G
adVD^Fhj>qFvfaip#M?tavq¢VYM9c>eKM#vKp#M^l0qFhZadql]K`bM\VZa%p?M p#^FvKM?V?lM?q>puI+tfM?tWadp#qlXZM?t
Xj^¡q
Gi
iHIfM¢L+M#L+^>hZUhjM?c2efahjM#L+M#v2XjVqFhZMqlvKqF`bU!p?M?tqCôXZM?h

qlhut 
>Ùv|XZIfM p?^FvfM ^Fh
Gi
  ^FhM?q>puIvf^WtWM
Gi,j
p^>hZhjM?VZs-^FvKtWavf¡Xj^qXjabv)UXjhZadqlvf>ef`dqCXZa^Fv
T T i,j


M
I_q0FMXZIfM ^>`b`^

abvK[avW ^>hZL¡qCXjab^>vKVom
R
Gti,j
aVXjIfM¢v)efL]-M#h^FﬃXjhZadqlvf>`bM9Vabv
T T i,j

R
Gbi,j
aVXjIfM
VZa%p?MQ^FﬃXjIfM¢]_^>efvKtfqFhZU^l
T T i,j

R
GAi,j
aVXjIfM¢avKtWM§$^lXZIfM¢M#§)sK`badpabXhZM?sfhZM9VYM?v2XjqCXjab^>v^F
T T i,j
abvHql]f`M
AGt
i,j

R
Gsi,j
aVXjIfM
tWM?FhjM#M^lXZIfM¢vf^WtWM
Gi,j
abvXZIKM¢L+qFs
Gi
q
Gsi,j
adV\qF`VZ^[XZIfM¢v)efL]_M?h^lDVYadtWM?V^F
T T i,j
r
R
GBi,j
adVXjIfMabv_tWM§av$Hql]f`M
BGb
i,j
,Gs
i,j
^lq]fabXY£ÊFM9pXZ^>h¦^FVZa%p?M
Gbi,j
qlv_t

M#aFI2X
Gsi,j
qHIKaV
]KaXFM9pXZ^>hM?vKp^WtWM9VDXZIKM

q0UXjIfMQ]_^>efvKtfqFhZU[^l
T T i,j
VYsf`abXjV¦abv2XZ^[VYadtWM9VmXZIfM
i
XZI]KaXaV¢ab­XjIfM
i
XjI
>M#hZXZM#§^FvXZIfM¢]-^FeKvKtfqlhjU¡^l
T T i,j
aVavKVZatfMq¡VZadtWMFW^>h¢}QabXZIfadVFM?hYXjM§VZM#sKqFhjqlXZM9VX

^¡VYadtWM9V# r
R  qFpuI^FXjIfM
Gsi,j
qlhup#V^F
Gi
XZI_qCXQqFhZM¢avKp#atWM?v2X\XZ^
Gi,j
adVotWM9VZp#hZa]_M9t]2UVZ^FL+MqFtKtWaXjab^>vKql`
avW ^>hZL¡qCXjab^>vﬀq]_M

qFhZMQXjIKqCXo`^)^FsKVqFsfs-M?qlhX

adpMbr VZVZefL+MXZI_qCXXZIKM
k
XZIVZeKpuIqlhupQp#^FvfvKM?pXuV
Gi,j
Xj^¡qvKM#aFI)]_^>h
Gi′,j′
av
G
fXZIfM?v

M¢VmXj^FhjM
m
R
Gaddressi,j,k
XZIfM[hZM?`qlXZaFMq>tftWhjM?VjV\^FDXZIfM«KhuVmXQ]faX¢p^>vKpM?hZvKabvfXZIfM[vf^WtWM^FDXZIfM[vfM?ab>I2]-^Fh
avXZIfM¢L+M?L[^>hZU p?^FvfM¢q>VZVZ^WpadqCXZM9tXj^+aXuV\VYL¡qF`b`XjhZadqlvf>ef`dqCXZa^Fv
Gi′

R
Gbacki,j,k
XjIfMavKtWM#§
k′
^FDXZIfMVZadtWMp#^FhjhZM9VYs-^FvKtfabvf[Xj^¡XZIfM[pefhjhjM#v2XqlhupavXZIfMv)efL]-M#hjabvK
^FVZatfM?V\qlXGXjIfM¢^FsKs_^2VYabXZMvf^WtWM
Gi′,j′

R
Gsmalli,j,k
XZIKMQavKtWM#§^lXZIfM¢VZL¡ql``_XjhZadqlvKFef`dqCXjab^>v
Gi′
av$XZIfMXuql]f`M^FﬃXjIfM¢vfM#aFI)]-^FhuV^F
Gi
avXZIfM¢L¡qFabvL¡qls
F
qa
i′ = i
XjIfM#vXjIfaV\abvKtfM§$adVVZMXXZ^¡[r
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K^FhM9qFpuIvf^WtWM
m
R
Gti,j

Gbi,j
qFvKt
Gsi,j
qlhjMQ`bM9VZVGXjIKqlv 1
4
lg m
qFvKt$XZI)eKVp#qFv$]-M
VYXZ^FhjM?t$^Fv
lg lg m
]fabXjVM9qFpuI­
R
GAi,j
adVqFv©avKtWM§av
AGt
i,j

If^>VZM[VZaip#MadVQ]_^>efvKtWM9t])U
22.175G
t
i,j
q>p#p#^FhutWabvK¡XZ^$XZIfM[hjM?VZef`X
^F osfs_M?vKtWab§ fQ$>ÊXop?qlv$XZI)eKV]-M
VmXj^FhjM?t$^Fv
2.175Gti,j
]fabXjV?
R
GBi,j
aV\qFv$avKtWM#§av
BGb
i,j
,Gs
i,j

If^2VYMVYaip#M¢adV
(Gbi,j
Gs
i,j
)
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Gsi,j
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pointer to tiny
triangulation
of size t
pointer to rank-select
of size b and weight s
t, b, s
split small
into tiny
first vertex
0
1
0
10 1
0
1 0
1
0
0
0
aFefhjM
$m N)ef]fL¡qls
Gi
^Fq+VZL+qF`b`­XZhjaqFvfFef`dqCXjab^>v
R HIfMv)efL]_M?h^FXZav)U|XjhZadqlvKFef`dqCXjab^>vKV
vfM?ab>I)]_^>hZavf
Gi,j
aV
Gsi,j <
1
4
lg m
||MIKq0>M+ ^Fh
M9qFpuIYm
R XZIfM¢s-^Fav2XZM#huV
Gaddressi,j,k
qlhjMVYXZ^>hZM9t^>v
K lg lg m
]fabXjV q
K
aVotWMXjM#hjL[avfM9t]-M#`^

r
R
Gbacki,j,k
adV`M?VjVGXZIKqFv 1
4
lg m
qlvKtXZI)eKV\p?qlv]_M
VYXZ^>hZM9t^>v
lg lg m
]fabXjV?
R
Gsmalli,j,k
hjM?c2efahZM9V
2 lg lg m
]faXuV\^FVYXZ^>hjqFFM
mabvKtfM#M?tq¡VZL¡ql`` XZhjadqlvf>ef`qlXZa^FvIKqFVqCX\L+^>VYX
lg2 m
XZhjadqlvf>`bM9V#fIKM#vKp#MqCX\L+^>VYX
lg2 m
M?tW>M?V^>vaXuV\]-^FefvKtKqlhjUFWXjI2e_VXZIKM¢XjqF]f`bM^lXZIfM
vKM#aFI)]_^>hjV
^F
Gi
av
F
IKq>V`bM9VZVGXjIKqlv
lg2 m
M#v2XZhjabM9V#
N)avKp#M¡M?qFpuI¤qlhup+qlsfs-M?qFhjV^>vqlX
L+^>VYX¢X

^vf^WtWM9V#ﬃXZIfMp#^>VYXs-M#hqlhup[p?qlv]_MM#Cql`eKqCXjM?t|abv_tWM£
s-M#v_tWM#v2XZ`U¥qFV
2(K + 3) lg lg m
]fabXjVs_M?h[qFhjpF >ÊXXZIfM?vhjM#L¡qlavKV¢ ^>hvf^WtWM
Gi,j
^l
Gi
qp^2VmX^F
3 lg lg m + 2.175Gti,j + G
s
i,j lg G
b
i,j

HIfMv)efL]_M?h^lvK^)tfM?VGaVqlXL[^2VmX
12 lgm
qlv_tXjIfMv2eKL]-M#h^lqlhup#Vaq avKp`eKtWavf¡qlhup#VtWahjM?pXjM?t
Xj^^lXjIfM#h
Gi′
radV]_^>efvKtWM9t])UXjIfMv)efL]_M?h^FM9tWFM9V\^F
T
abv_padtWM#v2XoXj^XjhZadqlvf>`bM9V^l
ST i
KXjIKqCXQaV
])U
lg2 m

HIfM$p^>VYX
 ^>h
Gi
adV¢XjI)eKV
Ci ≤ 2(K + 3) lg
2 m lg lg m + 12 lgm(3 lg lg m + 2.175 1
4
lg m +
1
4
lg m lg lg m)
Hql¬)avf
K = 5


MIKq0FM
lg Ci < K lg lg m
 ^Fhql``
m ≥ 2


IfadpuICql`atKqCXZM9V\^>efh
I)U)s-^lXZIKM?VZaVG ^>hXZIfM
VYXZ^>hjqFFMo^F
Gaddressi,j,k

HIfM¢^C>M#huql``-p#^>VYX ^FhXZIKM
p^FL+sf`MXjM¢L¡qls
G
adV^F]fXjqlavfM9t])UVZefL+L+abvf¡^C>M#h
i, j
m
∑
i
∑
j
(
3 lg lg m + 2.175Gti,j + G
s
i,j(lg G
b
i,j) + G
s
i,j · 8 lg lg m
)
≤ 2.175
∑
i,j
Gti,j + 9 lg lg m
∑
i,j
Gsi,j + 3 lg lg m · 12
m
lg m
.
HIfMQVYeKL ^C>M#h
Gti,j
adVDXZIKM\XZ^FXjqF`_v)efL]_M?h^l XjhZadqlvKF`M?V?
g =g
m
HIKMVZefL^C>M#h
Gsi,j
adViXjIfMVZefL
^FﬃXjIfM
tWM#>hZM?M?VG^lXZIKM¢vf^WtWM?V^FXjIfM¢L¡qls
G
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
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G
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a
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m
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∑
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
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
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n
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3(a + 2) = 3n + 3f + 6g ⇔ a ≤ 3n + 6(g − 1).
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n
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G
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m
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XZ^XZIfM¢v)efL]_M?h^lVZL¡ql``-XZhjaqFvfFeW£
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Kqlv_tXjI2e_VhZM?sfhjM?VZM#v2XjqF]f`bMQ^Fv
2 lg lg m
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XjIfML¡qls
G
)XjIfMQv2eKL]-M#h^lqFhjp?Vi^F
F
p#qFv]-MQ]-^FeKvKtWM?t
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N)aL+ab`dqlhj`Uq+>M#hZXZM§aVohZM?sfhjM?VZM#v2XZM9t])Uq+XZhjabsK`bM
(Fi, a, v)

A
]KVZM#hjFMIf^

M#>M#hXjIKqCX\XjIfadV\hjM#sfhjM£
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av
G
q XZIfM
avW ^>hZL¡qCXjab^>vXj^VmXj^FhjM¢q+`bavf¬
Xj^¡qvKM#aFI)]_^>hIKqFVG«K§)M9t$VZaip#M
qlv_tXjIfM¢v)efL]-M#h^FvfM?ab>I)]_^>hjVGadV¬2vK^

v5r
>Ùvq+VYM9p^Fv_tVYXZM#s$XZIKM¢L+qFs$adV¦XZhuq0FM?hjVZM?tqF>qFabv­)vf^

ql``XZIfMvf^WtWM9V^lﬃXjIfM¢p^>L[s_qFpXhjM#sfhjM?VZM#vf£
XuqCXjab^>v$^FL¡qls
G
IKq0FMQ]_M?M#vql``^)p?qCXjM?tqlvKt$XZIKM¢`bavf¬WV]_M#X

M?M#vvfM#aFI)]-^FhuVp#qFv$]-M«K`b`M?t­
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A
eKhﬃhjM#sfhjM?VZM#v2XjqlXZa^FveKVZM?VqXjqF]f`bM¦^lfql``>XZhjaqFvfFef`dqCXjab^>vKV

abXZIqlXL+^>VYX 1
4
lg m
qôXjabv)UQXZhjaqFvfFeK`qlXZa^FvKVxr
>Ùv©^FhutWM#hXj^]-^Fefv_tXZIfM[VYaip#M^lDXZIKMs-^Fav>XjM#huVXj^XZIKaVoXjqF]f`bM

MvfM#M9tXZ^$M?VYXZaL+qlXZM¢XjIfM[v2eKL]-M#ho^F
VZeKpuI$XZhjaqFvfFeK`qlXZa^FvKV?
P^>hZMQsfhjM?p#aVZM#`U

MqlhjMQabv2XZM?hZM9VmXjM?t$abv$XZhjadqlvf>ef`qlXZa^FvKV¦^lqs-^F`U)F^>v

abXZIabv2XZM?hZa^Fhs-^Fav2XjVVYe_puI
XjIKqCXXjIfM#hjM
qlhjMQvf^¡Lef`bXZasf`M¢M?tW>M?V]fefXp^>hjtfVG^FXjIfM¢s_^>`bU)>^FvqlhjMqF`b`^

M?t  ﬃ­M#X
T bp
]-MXZIfM
VZMX\^F
XjIfM?VZM\XjhZadqlvKFef`dqCXjab^>vKVDXjIKqCXqlhjM\L¡qFtWM^l
p
XZhjaqFvfF`M?ViqFvKt
T bk,p
]-MoXjIfMVZef]KVZMXG^l­XjIfM?VZM\XjIKqCXGIKq0FMoq
]-^FeKvKtfqlhjUs-^F`U)F^>v[^FﬃVYaip#M
k

A
]_VYM?hZ>MXZIKqlX
p = 2n+k
a
n+1
tWM#vK^lXZM9VDXjIfMov)efL]_M?hi^l­av2XZM#hjvKqF`
>M#hZXZadpM9V#
PeK`b`abvsfhj^CFM9t¡XjIfM ^F``b^

avf[ ^FhjLeK`q :b}0=<m
|T bk,2n+k| =
2 · (2k − 3)! (2k + 4n− 1)!
(k − 1)! (k − 3)! (n + 1)! (2k + 3n)!
,
qm}=r
>Ùvsfhjabv_pasf`bM+^>vfM¡VYIf^>ef`dt©]-M¡ql]f`M[XZ^tWM#hjaFM+q$]-^FeKvKt
|T bn|
 hj^FL XZIKaV¢^>vfM[]2U|VYefL+L¡qCXjab^>v­ >ÊX¢aV
IK^

M?FM#hVYaL+sf`bM?hXj^©hjM?tWM?hZaFM+XjIfMhZM9VYef`bXavXjM#hjL ^F\FM?vfM#huqCXjabvf efvKpXjab^>vKVomtWM«KvKMXZIKM ^>hZL¡ql`
s-^

M#hVYM?hZaM?V
F (u, v)
qlv_t
fk(v)
])U
F (u, v) =
∑
p,k
|T bk,p|u
kvp =
∑
k≥3
fk(v) u
k.
A
]_VYM?hZ>MXjIKqCXXZIfMv2eKL]-M#h
|T bp |
qFhZMXjIfMp^)M#¡p#abM?v2XjV\avXZIKMHq0U2`^FhM#§WsKqlvKVZa^Fv^l
F (1, v)
abvXjIfM
CqFhZadql]f`M
v
 tWM?p#^FL+s-^>VZaXjab^>v^F¦XjhZadqlvKFef`dqCXjab^>vKV])U©hj^2^FXY£ÊM?tW>M[tfM#`MXZa^Fvcq,: KN)M9pW lfºyb< rU2aM#`dtfV
XjIfM¢M?c2eKqlXZa^Fv
F (u, v) =
v
u
(u2 + F (u, v))2 +
v
u
(F (u, v)− u3f3(v)) − vF (u, v)f3(v).
q5
r
Î ÷ø­ÎôÌ
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 ¦c>e_qCXZa^Fv
p#qFv]-MVZ^F`FM9t¡])UXjIfMVY^F£Êp?ql``bM9t¡c>e_qFtWhuqCXjapL+M#XZIf^Wt q,: KfN)M?pW lf}< r2hZM9VYeK`XjabvfabvXZIfM
 ^>`b`^

avfM§WsfhjM?VjVZab^>vKV#

IfadpuI|qlhjM
M9c>eKabCql`M#v2XXZ^Pef``bav  V\ ^>hZLef`qm`bM#X
t ≡ t(v)
]_MXZIfM[efvfadc2efM
VZ^F`eWXjab^>vqFvKql`U2XZadpav p#M#hj^+^lXZIfM¢M9c>e_qCXZa^Fv
t(v) = 1 + v2t(v)4.
HIKM#v
f3(v) = v (2t
2 − t3)
qFvKt
F (1, v) =
1
2vt2
(2− 3t + 3vt2 +
√
1 + 7t− 9t2 − 4vt2 + 6vt3 + 4vt4).
NWabvKp#M
F (1, v)
adViqlv_ql`U>XjapqlXDXZIfM^>hZaFav+qlvKt+VjqCXZadVY Uqlv¡qF`b>M#]fhuqladpM9c2eKqCXjab^>v­Fq¢VYXjqlv_tfqlhutqFsfsfhj^>q>puI
Xj^$VYXZeKtfUaXuVQp#^)MpaM#v2XjV q
g og
XZIfM[v)efL]-M#huV^liXjhZadqlvf>ef`dqCXZa^Fv_V radVQ]KqFVZM?t^FvXjIfM+qlvKqF`bUWVZaVo^labXjV
tf^FL+abv_qlv2X+VZavfFef`dqlhjabXmUF
A
vXjIfM^FvfMIKqlv_t iXjIfM eKvKpXjab^>v
t(v)
IKqFV+qtW^FL+avKqlv2X¡VYavf>ef`qFhZabXmU¤abv
v = ρ = 33/2/24
fqCX

IfadpuI
t(ρ) = 4/3

A
vXZIfM^FXZIfM?hGI_qlvKt )XjIfM¢VZc2eKqFhZMhZ^)^FXGavXjIfMM§WsfhjM?VjVYa^Fv
^F
F (1, v)
U)abM?`tfVoqlvf^FXZIfM?hoVYavf>ef`qFhZabXmU+ ^Fh
v = σ = 26/172


abXZI
t(σ) = 17/16
iN)avKpM
σ < ρ

σ
adVGXZIKM
tW^FL+avKqlv2X\VYavf>ef`qFhZabXmUF >ÙvXZIKM¢vfM#aFI)]-^FhjIf^)^)t^l
σ

F (1, v)
IKq>VVYavf>ef`qFhM§WsKqFvKVYa^Fv
F (1, v) =
7
8
− c
√
1− v/σ + O((1− v/σ)3/2).
VYavf[XZIKaVM#§WsKqlvKVZa^Fv$qFvKtHIfM#^>hZM?L : 9WKHIfL U>,> 9<

M¢^F]fXjqlav
|T bp | = c
′σ−pp−3/2(1 + O(1/p)),
qFvKtXjql¬)avf[XZIfM¢`^F2qlhjaXjIfL
lg |T bp | = p lg(1/σ)−
3
2
lg p + lg c′ + O(1/p).
>Ùvp#^FvKp#`beKVZa^FvXjIfM#hjM¢M§WadVmXuVq+p^Fv_VmXuqlv2X
c′′
VYe_puIXjIKqCX ^>h\ql``
p ≥ 1

lg |T bp | ≤ p lg(1/σ) + c
′′ ≤ 2.175 p + c′′.
!
^>L]favfavf+v)efL+M#hjap?ql`ﬃpuIfM9pu¬¡ ^Fh\«KhjVYXXZM?hZL¡V\qFvKthZM#«KvfM9tqFtftWabXZa)aXmUqlhjFefL+M?v>XuV#W^>vfM
p#qFvpuIfM?pu¬
XjIKqCXXjIfM
p^>vKVYXjqlv2X
c′′
p#qFv]_M¢avq>pXXuql¬FM?vXj^+]_Mﬃp?M#hj^m
¦¯
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22.175p
g
Hql]f`M¥}p^>v>XuqlavKVXZIfMv)efL]_M?h¡^lQXZhjaqFvfFeK`qlXZa^FvKV ^Fh
p = 1..30
GqlvKtªabXjV
lg
p^>L[s_qlhjM?t¥Xj^
2.175p

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* +,*  1!1$H P5`U4/^ 4/]x.3RTHI1'4ﬂ.0/
HIKMGsKhZ^>s_^2VYM9tVYXZhjeKpXjefhjMGhjM#sKhZM9VYM?v>XuV^Fvf`U
XjIfM\p^>vfvfM?pXZa)aXmU
^FKXjIfMXZhjaqFvfFeK`qlXZa^Fv­
A
vfML¡q0U

qFv2X
Xj^oqCXZXjq>puIQavW ^>hZL¡qCXjab^>vXZ^\>M#hZXZadpM9V ^Fh XjhZadqlvKF`M?V?9VZeKpuI
qFV­FM#hZXZadpM9V­p^)^>hjtWavKqlXZM?V0q ^Fhp^>`b^>hjV?#? r­HIKaV
øø Âyzx{||
} 
 V# #@  #i 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p |T bp | lg |T
b
p | 2.175p
1 1 1 2.175
2 2 2 4.350
3 6 4 6.525
4 19 6 8.700
5 66 8 10.875
6 236 9 13.050
7 877 11 15.225
8 3321 13 17.400
9 12840 15 19.575
10 50302 17 21.750
11 199657 19 23.925
12 800152 21 26.100
13 3235923 23 28.275
14 13182456 25 30.450
15 54063790 27 32.625
p |T bp | lg |T
b
p | 2.175p
16 222991801 29 34.800
17 924533609 31 36.975
18 3850615992 33 39.150
19 16104053458 35 41.325
20 67600318577 37 43.500
21 284729605627 40 45.675
22 1202959079012 42 47.850
23 5096769502458 44 50.025
24 21650252797852 46 52.200
25 92186861004044 48 54.375
26 393399791627096 50 56.550
27 1682246653890199 52 58.725
28 7207306601612326 54 60.900
29 30933464929153561 56 63.075
30 132985945811160992 58 65.250
Hql]f`M+}
mDabhuVmX\CqF`befM9V
VZIf^>ef`t]-MtW^>vfM¢])U$qFtKtWabvK+XZIfM¢avW ^FhjL¡qCXjab^>v$Xj^¡vf^WtWM?V\^l
G
¦K^Fh\avKVYXjqlv_pM¢^FvfM
p?qlvqFtKtXj^
Gi,j
qXjqF]f`bM
Gcoordinatei,j
tWM9VZp#hZa]favfXjIfMp#^)^FhutWabv_qCXZM9V^F\XZIKM$>M#hZXZadpM?V^l
T T i,j
HqF]f`bM
Gcoordinatei,j
p#^Fv2XjqFabv_ViXjIfM¢p^)^FhutWavKqCXjM?Vi^FqF`b`-XZIKMav2XZM#hjvKqF`->M#hZXZadpM9V^F
T T i,j
qFvKtq[VYM?`bM9pXjab^>v^laXuV]_^>efvKtfqFhZU
>M#hZXZadpM9V# VZ^XZI_qCXFM#hZXZadpM9Vo`U)abvK$^>vXZIKM[VZatfM]-MX

M#M?vX

^Xjabv)UXZhjadqlvf>ef`qlXZa^FvKVqlhjMVYXZ^>hZM9t^Fvf`U
^>vKpM> >ÊX¡L¡q0U¥IKqFsfs_M?vªXZIKqlX+>M#hZXZadpM9V]-M#`^FvKFavf©Xj^¤L[^>hZM$XZI_qlvﬂX

^XZav)U¥XZhjadqlvf>ef`qlXZa^FvKVIKq0>M
L+^>hZMXZIKqFv^>vfM¢p^Fs)UmXZIfadVtW^)M?Vvf^FXGhjM?qF`b`U¡avKphjM?q>VYMoXZIfM
VZsKqFp#Me_VYM9t )]_M9p#qle_VYMabX^Wp?pefhuVqCXL[^2VmX
O( m
lg m )
XjabL+M?V q XZIfM¡qlhjFeKL[M?v2XadVQVZaL[a`dqlhXZ^$XZIfM+^FvKMeKVZM?t©abv|XZIfM+qlv_ql`U)VZadVo^FFhuqlsfI
G
r fqFVZap
p#^FL+sfhjM?VjVYa^Fv$^Fv$XZIfM9VYM
p#^)^FhutWabv_qCXZM9Vp#qlv]-M¢^F]WXuqlavfM?t$])UFa)abvf[XjIfM#L abvq hjqFL+MQ`^Wp#qF`XZ^
Gi,j

* +&B  SU1'4,RTHVF,41  0DG3Z!7UZXP F,HVZ[Z\.] 1$34,H /U^07UF,HI1$4,.0/UZ
A
eKhVYXZ^Fhuql>M¡aV^FsfXZaL+qF` ^>h
XjIfM$p#`q>VZV^lXZhjadqlvf>ef`qlXZa^FvKV

aXjI]-^FefvKtKqlhjUF

IfadpuIU)abM?`tfVXZ^©XZIfM
fb}C~ly]faXuVs_M?hQXZhjaqFvfF`MF
A
XZIfM?h

^Fhj¬WVo^FôXZM?v|eKVZM[XZIfM¡p#`q>VZVQ^l¦XZhjaqFvfFeK`qlXZa^FvKV

If^>VZM[]_^>efvKtfqFhZU
adV¡q©XZhjaqFvfF`M qôXZhjadqlvf>ef`qlXZa^FvKV^lq¤{Ft)£ÙVYsKIfM#hjM=r

IfadpuIªqF`b`^

VXZ^¤`bavf¬VYXZhj^FvKF`U¤XZIfMv)efL]-M#h¡^F
XjhZadqlvKF`M?V¢qlv_t©XjIfM¡v)efL]-M#h^lFM#hZXZadpM9V# >Ùv¥VZeKpuIXZhjaqFvfFeK`qlXZa^Fv­ XjIfM^>sWXZaLefL aV{fºCz]fabXjV¢s-M#h
>M#hZXZM#§^>hoM?c2efaCql`M#v2XZ`U¤}F 9>[]fabXjVQs-M#hoXZhjaqFvfF`MF
!
^Fefv2XZavfavv)efL]_M?h^Fi]faXuVos-M#hQFM?hYXjM§abv|^Fefh
VYXZhjeKpXZefhjMaVtWabpef`bXVZabv_pMQXZIfM¢>M#hZXZadpM9VGp?qlv]_M
VZIKqFhZM9t])UVZM#>M#huql`-XZav)UXZhjadqlvf>ef`qlXZa^FvKV?
* + 0  /HVR 4,P 7US JHI1$DGZ
>Ùvµq ^>hYXjIKp^>L[avf¤sKqFs_M?h

M

a``\M§Wsf`dqlav If^

XjIfadVVmXjhZe_pXZeKhZMp?qlv ]_M©L[^WtWab«KM9tXj^ql``b^

 ^Fh
avKVZM#hZXZa^Fv¡^F­vfM

>M#hZXZadpM9V# 
KabsqlvKttWM#`MXjab^>v^l­>M#hZXZadpM?V^lﬃtWM?FhjM#Mo{abvVYeK]W£5`avfM?qFhiXZaL+MF)av^FhutWM#h
Xj^+L+qF¬FM¢tWU)vKqFL[adpQefstfqCXjM?V^FXjIfMQXZhjaqFvfFef`dqCXjab^>v$s-^>VjVZab]f`MF
Î ÷ø­ÎôÌ
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* +  3'HVPW1'4,PHVF 4RTS8FﬂDKR DK/01$HI1'4ﬂ.0/
HIKMohjM?VZef`X¦IfM#hjM\adVL¡qlavf`U[XZIfM?^FhjMXZadp#qF`&ma
m
adVi^>vfMo]fa``ba^Fv­ 1
4
lg m
aV¦^Fvf`U~)	\^

M#>M#hDXjIfMoCql`efM
1
4
aVpuIf^2VYM?vXj^¡M#vKVZefhjMQXZIKqlXXZIfMXuql]f`M
A
p#qlv]-M
p^>vKVmXjhZe_pXZM9tavVYeK]f`bavfM9qlhXZaL+M
mD`^)^F¬)abvK+qlXXZIfM
q>pXjeKql`Dv)efL]_M?h
^lGXZhjaqFvfFeK`qlXZa^FvKV

abXZI
p
qFp#M?V ^>h
VYL¡qF`b`
p
ﬃ^FvKMp#qlv¤puIfM9pu¬XZI_qCXp^>vKVYXZhjeKpXjabvf
XjIfMXuql]f`M\^l­qF`b`KXZav2UXZhjaqFvfFeK`qlXZa^FvKVDeKs+XZ^VZa%p?M
}?{adViq>pXZe_ql``bU[]_M\ M?qFVZa]f`bM>K>Ùv¡s_qlhZXZadpef`dqlhHql]K`bM 
p?qlv]-M¢p^>L[sKeWXZM9t^Fv_pMqFvKt¡ ^>hql``-qFvKtVYXZ^>hZM9t |MQabv2XjM#vKtXZ^[abL+sf`M#L+M#v2X\qlv_t¡XZM9VmXq[VYaL+sf`bab«KM9t
>M#huVYa^Fv¡^F­XZIKaV

^Fhj¬-2])U+>qCXjIfM#hjavf
XjhZadqlvf>`bM9ViavVZL¡ql``_>hZ^>efsKV^l{XZ^¡yXjhZadqlvf>`bM9V¦qFvKt¡L¡ql¬)avfq
L¡qFs$^FXjIfM?VZMFhj^FefsKV?
  ﬁC$	G
:b}< nfG`dqlvW ^>hjt­2n[nfG`M#``b^WpuI­>qlvKt > ¢q>VYIﬃ
!
^FL+sKq>pXihjM#sfhjM?VZM#v2XuqCXZa^Fv_V^l VYM?sKqlhuql]f`MFhuqlsfI_V#5>Ùv

o	=g,ﬁﬃ 

5"#

  ! 

 ﬃﬂU gV   	

#  [ ! 
fsKqFFM?V{Fz2W{>yf}FWlF>{f
: <ﬃj_ £ fG^FadVZVZ^FvKvKqCX9
A
 oM?2a``bM?hjV?_Nfgab^>v­KP¥KHM#a``qFeKt KqFvKtP¥WOi)abvKM?pl¦HﬃhjaqFvfFeK`qlXZa^FvKVGav
!
n  ﬃi
 UW"$g

x g

'x ﬂ


#%g
->$mºy}olf)l>>W
: {<QO[ £ÙH
!
Ifadqlvf_
!
 £
!
ﬃ abvﬃqlvKt 
 £>ﬃ­eﬃ
A
hutWM?hZ`UVZsKqFvfvfavfXjhZM?M?V

aXjIﬂqlsKsf`badp#qlXZa^FvKVXZ^
>hjqFsfIM#vKp#^)tfabvf¡qFvKt>hjqFsfItWhjq

avf_
 

)sKql>M?V\yF
9	fyW}0yW2FFK}F
: z
<¢r

!
 £ 
!
I)eKqFvfK 
GnqlhjK
 \M>GP £5O ¢qF^KGqlvKt 
 £> ﬃ­e­
!
^>L[s_qFpX¡M?vKp^WtWavf>V+^F
sK`qFvKqlhFhuqlsKIKVQ2adqp#qlvK^Fvfadp#qF`^>hjtfM#hjabvf2VqFvKt|Lef`bXZasf`M[s_qlhjM#v2XZIfM9VYM9V#

"$ 

o "o n
 

      ! 
fs_qlFM9VQ}F} -}0lf-}olnl K
: y< r

!
`dqlhj¬©qlvKtNj_Y>roqlL¡qlv­  DpaM#v2XVZeW+§|XjhZM?M?V^Fv¥VZM?p#^FvKtfqFhZU|VmXj^FhuqlFM> >Ùv
 


s_qlFM9V{ >{	){nlf}>2l>f}>
: 9<g`dqCkm^>`bM#X¤qFvKtr
N)M?tW>M

adpu¬ \vKqF`bU2Xjapªp^>L]favKqCXj^Fhjap?V# ghZM?`baL+abvKqFhZUwtfhjqlôX?l>lz_
ﬀﬁﬂﬃ !"ﬃ#$ﬂ&%!'%(ﬁ)*+*,-.'ﬃ/*"ﬃ#ﬁ 10*	-'ﬁﬁ*2'03ﬂ4#51

:º~b<¢r
2nQM?qFhZU>>r¢2r\qlL¡qFv­>qFvKt
>roqlL¡qlv­ N)eKp?pavKpX¦^FhutWabv_ql`)XZhjM#M9V

abXZI`M#>M#`b£ÊqFvKpM9VmXj^FhDc2efM#hjabM9V#
>Ùv
 

)sKql>M?V}6-}?KflFFzK
: <u>mqFvg>nQ^>ef`dtWM#v+qlvKt q0)adtPj>q>pu¬)VZ^Fvﬃ
   W# 5"$ 
 o^C>M#hgief]K`badp#qlXZa^FvKV
>Ùv_pliPabvKM#^F`dqfO[FFFzKµaXjIq ^FhjM

^Fhut|]2U¥nQadqlvW£
!
qlhj`b^r^FXjqKr\M#sfhjabv2X^FXZIfM|}ol >{
^>hZaFavKqF`3
: l<
n[j2qFp^>]KVZ^Fv­ N)sKq>pMM#¡p#abM?v2XjVVmXuqCXZadpXjhZM?M?VqFvKt FhuqlsKIKV# >Ùv 
 o	xx  [ ﬀ,ﬁk 798$8$8
 ﬂb "$ ;:G"$ 
&' ﬂﬁ  V"$" 		  ﬁ<:u  
ﬃ
WsKqFFM?V\ylznlWyFylzK_}ol nlf
:}?<P3 ¢qF`b`L¡qlvfvﬂqlvKt DHIKql`L¡qlvfvﬃ¤N2XuqlhZ£5>M#hZXZadpM9Vm¡q©p#^FL+sKq>pXhjM#sKhZM9VYM?v>XuqCXjab^>v¤ ^Fh[sf`qFvKqlh
L+M9VYIfM9V

abXZIqFt0kYq>pM?vKpU¡avW ^FhjL¡qCXjab^>v­>=
"$W#Kﬂﬁ

x $	

o# 
59mº~-} K)FF2W
:}F}< ? v2efXZI­ HIfM qlhZX ^l p#^FL+sfeWXjM#h sfhj^F>hjqFL+L[avf_ gihZM?`baL+abv_qlhjU tWhuqCôX9 l>lz_
#@@@1A/0A%'/,BCﬂD0 %ﬁ*!Eﬂ&)E#,B.F2 ,Bﬁ./	ﬂ4	5G

øø Âyzx{||
F
 V# #@  #i  	= # #%x
 	
U
:}9<r
 ! )Pef`b`av­
A
v$p^FeKv>XjabvKhj^)^lXZM9t+XZhjadqlvf>ef`qFhL¡qls_V#
 VW 
g
=
gG  
­}0~$m {)~C{	W{ 2WW}oln9>yf
:}?{<uj_>_Pefvfhj^qlvKt _r\qFL+qFv­GNWeKp#p#abv2XohjM#sfhjM?VZM#v2XuqCXZa^Fv$^lD]KqF`qFvKpM9tsKqFhjqFv2XZIfM9VYM9VqlvKtVYXjqCXjap
XjhZM?M?V?
  
=
gVX UW"$ [ 
K{K}
mÖ~9>	f~>~9f2lFK}F
:}#z
<uj_I>PefvKhZ^_ r\qFL¡qlv­Dqlv_tﬀ
 jKN2XZ^>hZLrM?sfhZM9VYM?v2XZavftWU)vKqlL+adp+XZhjM#M9VVZeKp#p#abv2Xj`bU>k>Ùv
  
WsKqFFM9Vy>lWyl{n9f)lFK}F
:}9y< Dg^Fef`dql`If^>vﬂqlv_tﬂn[NWpuIKqFMdM#h9
A
sWXZaL¡ql`\p#^)tfabvf¤qlv_tVjqlL+sf`abvf^loXZhjaqFvfFef`dqCXjab^>vKV? >Ùv

o	=g g0 # #% 
 "$   

   Ks_qlFM9V}? F	}?nl zK2lF>{f
:}o9<r
2r\qFL¡qlv­ 2r\qlL¡qlvﬃ2qFvKtNºN2roql^K­N)e_p#pav2XavKtWM§fqF]f`bMtWapXZa^FvKqFhZaM?V

aXjIqlsfsK`badp#qlXZa^Fv+XZ^
M?vKp^WtWavf¡¬2£ÙqlhjU+XZhjM#M?VqFvKtLef`bXZadVYM#XjV?V>Ùv
  
WsKqFFM9VF{F{WCz)W)lF2W
:}0~b<r
_r\qFL+qFvqlvKtNºNKr\qF^K¦N)XjqCXjaptWapXZa^FvKqFhZaM?VVZefsfs-^FhZXZavf+huqlvf¬>Ùv
 
 
 
WsKqFFM9V} 	f9K
}=l
lnlf
Î ÷ø­ÎôÌ
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
